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1. Introduction
1.1. Periodic homogenization and the inverse problem

We first describe the theory of periodic homogenization of Hamilton—Jacobi equations.
For each length scale € > 0, let u® € C(R™ x [0,00)) be the viscosity solution to

ui + HDu?) +V (£) =0 in R™ x (0, 00), (1)

u®(z,0) = g(x) on R". .

Here, the Hamiltonian H(p) — V(z) is of separable form with H € C(R™), which is
coercive (i.e., lim, o H(p) = +00), and V € C(R"™), which is Z"-periodic. The initial
data g € BUC (R™), the set of bounded, uniformly continuous functions on R™.
It was shown in [13] that, in the limit as the length scale & tends to zero, u® converges
to u locally uniformly on R™ x [0, 00), and u solves the effective equation
ug + H(Du) =0 in R™ x (0, 0c0), (12)
u(x,0) = g(x) on R™. .

The effective Hamiltonian H € C(R™) is determined in a nonlinear way by H and V
through the cell problems as follows. For each p € R", it was derived in [13] that there
exists a unique constant ¢ € R such that the following cell problem has a continuous
viscosity solution

Hp+Dv)+V(z)=c inT", (1.3)

where T" is the n-dimensional flat torus R"™/Z"™. We then denote by H(p) := c.

During past decades, there have been tremendous progress and vast literature about
the validity of homogenization and the well-posedness of cell problems in various general-
ized settings. Nevertheless, understanding theoretically how H depends on the potential
V remains a very challenging and still largely open problem even for the most basic case
H(p) = %|p[%. For a smooth periodic potential V, a deep result in [4] asserts that when
n =2 and H(p) = 3|p|?, each non-minimum level curve of H associated with 1|p|? — V
must contain line segments unless V' is constant. Its proof relies on delicate analysis based
on detailed structure of Aubry—Mather sets in two dimensions and a rigidity result in
Riemannian geometry (the Hopf conjecture). Besides, due to the highly nonlinear nature
of the problem, efficient numerical schemes to compute H have yet to be found. We refer
to [1-3,5-11,15] and the references therein for recent progress.

In this paper, we aim to investigate the relation between V and H from the perspective
of the following inverse problem first formulated in [14].

Question 1. Let H € C(R") be a given coercive function, that is, lim,)_, H(p) = +o0.
Let V1,V € C(R™) be two given potential energy functions which are Z™-periodic. Let
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Hy, Hs be the effective Hamiltonians corresponding to the Hamiltonians H(p) + Vi(z),
H(p) + Va(x), respectively. If

Fl = ﬁg,
then what can we conclude about the relations between Vi and Vo ?

When n = 1, a complete answer was provided in [14] for a general class of convex H.
It was shown that

H,=H, < Vj and V5 have same distributions,

1

that is, /f(Vl(:C)) dx = /f(Vg(x)) dzx for all f € C(R).

In case n > 2, the only known H-invariant transformations are translation and scaling,
i.e., for some ¢ € QN (0,+00) and x5 € T,

V1($):V2(%+xo> forallz € T = H; = H,.

If H is convex and even, the rescaling factor ¢ could also be negative. However, if H is even
but nonconvex, ¢ has to be positive due to some pathological phenomena associated with
nonconvexity (loss of evenness [15]). It is natural to investigate the following converse
question. Throughout this paper, we focus on the mechanical Hamiltonian case, that is,
the case where H(p) = 1|p|? for p € R".

Question 2. Assume that n > 2, and H(p) = 3|p|* for p € R". Let V;,Va € C(R™) be
two given potential energy functions which are Z"-periodic. Let Hi, Ho be the effective
Hamiltonians corresponding to the Hamiltonians H (p)—V1 (), H(p)—Va(z), respectively.

If
Hl = Hg,

then can we conclude that

x

Vi(z) =V, (— + :EO) for all x € T,

c

for some c € Q\ {0} and zo € T"?
Some results related to this question were established in [14]. For example, if V4

is constant, then the conclusion of Question 2 holds, that is, Vo must be the same

constant (see [14, Theorem 1.1]). In the general setting where Vi,V € C*°(T"), by [14,
Theorem 1.2], H; = Ho implies that
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/Vldac:/ngx,
T’n

Tn

and under an extra decay condition of the Fourier coefficients of V7, V5, we also have

/Vfdxz/vfdx.
’H"n, ’H"n,

It was conjectured in [14, Remark 1.1] that under the settings of Question 2 and some
further reasonable assumptions on Vi, Vs, if H, = Fg, then V7 and V5 have the same
distribution. Clearly, this conjecture is weaker than the conclusion of Question 2. We
address more about this point at the end of Subsection 1.2.

It is natural to study the above questions in the case that V; and Vs are trigonometric
polynomials with m mutually non-parallel Fourier modes. In this paper, as a preliminary
step, we settle Question 2 when number of modes m = 3. When m < 2, the analysis is
much simpler. We give the main results in the following subsection.

1.2. Main results
Forl=1,2, set

W(m) = a9 + Z;n:l()\ljei%k”'w + me*i%k’j'x),
(A) where ajo € R, {\;}72, C Cand {k;;}L; C Z" \ {0} such that

each pair of the m vectors {k;;}"; are not parallel.

Here, /\T] is the complex conjugate of A;; for 1 < j < m. The following are our main
results.

Theorem 1.1. Assume that m = 3, n =2, H(p) = $|p|*> for all p € R?, and (A) holds.

Assume that

Hi(p) = Ha(p) for allp € R%.
Then there exist c € Q\ {0} and xo € T? such that
Vi(z) = Vs (E-i-xo) for all x € T2
c
Theorem 1.2. Assume that m =3, n >3, H(p) = 3|p|* for all p € R™, and (A) holds.
There are three cases as follows.

(1) If {k1;}3=, are mutually orthogonal, then H, = H, if and only if for 1 < j <3,

kij || k2; and A ] = [Agl.
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(2) If k11 L k12 and k11 L ks, but ki X k13, then H, = H, if and only if
i || ko1, ckig = koo, ckiz = ka3 for some c € Q\ {0},
and for 1 < j <3,
[Avs] = [zl
(3) If {k1;}3—1 do not satisfy (1) and (2) after permutations, then
Hi=H, — Wi)=VWV (% +x0) for all z € T",
for some ¢ € Q\ {0} and zy € T".
Remark 1. Theorem 1.1 can actually be viewed as a special case of (3) in Theorem 1.2.
Nevertheless, a major part of this paper is devoted to proving this two dimensional result,
and hence, it is worth stating it as a separate theorem.

For completeness, we also present the case when m < 2.

Theorem 1.3. Assume that m < 2, H(p) = %|p|* for all p € R", and (A) holds. Then
(1) If m =1, then

Hi=H, <+— Vl(x):VQ(%—i—xO) for all x € T,

for some c € Q\ {0} and zo € T™.
(2) If m = 2, then there are two cases.

(i) If k11 L kyo, then Hy = Ho if and only if for j = 1,2,
kij || ko; and |Ai ] = |Agj]-
(ii) If k11 is not perpendicular to k1o, then
Hi=H, < Vi(z)=VV (% +x0) for all z € T,
for some c € Q\ {0} and z¢ € T™.
Theorems 1.1-1.3 settle the conjecture stated in [14, Remark 1.1] completely in case
m < 3. Of course, the case m > 3 is still open.

We believe that the rigidity property should hold for “generic” periodic potentials in
any dimension. More precisely, we formulate the following conjecture.
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Conjecture 1. We conjecture that

(1) Theorem 1.1 holds when m > 3, n = 2.

(2) If n > 3, then the result of Theorem 1.1 is valid provided that V1,V belong to a
dense open set of smooth periodic functions. In particular, the case that m,n > 3
should be fully characterized.

It is clear that this conjecture is stronger than that in [14, Remark 1.1], but under
the caveat that we require a generic assumption on V7, V5. Otherwise, it does not hold
true (see parts (1)—(2) of Theorem 1.2 and part (2)(i) of Theorem 1.3 above).

1.8. Outline of the paper

In Section 2, we give a quick review of the method of asymptotic expansions of Hy, Ho
at infinity introduced in [14] (see also [12]). This is our main tool in studying the inverse
problem. The proofs of our results will be given in Sections 3 and 4. They involve delicate
analysis combining plane geometry, linear algebra and trigonometric functions.

2. Preliminary: asymptotic expansions of H, H at infinity
2.1. Settings

For z € R"™, we write x = (21, Z2, ..., Tp).
Assume there exists m € N such that (A) holds. Let us only perform calculations with
respect to H;. In light of (A), V; satisfies that

Vi(z) = a0 + Z;nzl()\uei%klj'z + )\_ue_i%klj'z)a
where aig € R, {A1;}72; C C and {ki;}2, C Z" \ {0} such that
each pair of the m vectors {k1;}2; are not parallel.

Recall that E is the complex conjugate of A\y; for 1 < j < m.
2.2. Asymptotic expansion at infinity

For a given vector Q # 0 and € > 0, set p = % The cell problem for this vector p is

2

+Vi(x) = Hy (%) in T".

Here, v§ € C(T") is a solution to the above. Multiply both sides by ¢ to yield

510+ VEDUE 4 eio) = e (L) (@ T (21)

+ Do

11Q
a1z
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Let us first use a formal asymptotic expansion to do computations. We use the following
ansatz

VEvs (z) = eviy (z) + e2via(x) + vz (z) + - -+,
H(Q) = ag +eay + e2as + e3az + - - -

Plug these into (2.1) to imply
%IQ +eDvyy +2Dvig + P +eVi = H (Q) = ag + cay +e%ag + -+ in T".
We first compare the O(1) terms in both sides of the above equality to get
1
= SlQP
By using O(e), we get
Q- -Dviy+Vi=a; inT"

Hence, a1 = [}, V1 dz = ayo and

Ui N o ks
Doy == (A5 4 Xy e 2 )% ,l.jQ' (2.2)
j=1 L
Next, using O(e?), we achieve that
|12 kg
az = Z ki, - QP2 (2.3)
and furthermore,
1 2
Q- Dvig = ag — E\DU11|
1 AL A - by

iQW(ikljikll)-m

(k1j - Q)(ku - Q)

2
tkijEki#0
Here for convenience, for 1 < j < m, we denote by
)\T] = )\1]‘ and Al_] = A_lj
Thus,

+
Dvip = 1 Mei%(ikljik“).x +ki; £ ku

(k1 - Q)(ku - Q) (k1 £hu)-Q°

tky k1 #£0
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Let us now switch to a symbolic way of writing to keep track with all terms. Denote by
> ¢ to be a good sum where all terms are well-defined, that is, all denominators of the
fractions in the sum are not zero. We have

+ v+
Dogy — L A AR kg pi2m(thy, k) e _ TR Ry, (2.4)
2 4= (kjy - Q) (K, - Q) (£k1j, £ kg,) - Q

Let us now look at O(e?):
Q - Dviz = az — Dvyy - Dugs.

Hence,

as = /D’Ull . D’U12 dCU,
T’VL

and

Dowe— L > A AT A (R, - R ) (R, £ kag,) - e y
B2 L (R, Q) - Q) - Q) (ki £ haj,) - Q

X

el27\'(ik)111ik1J2ik)1]3)I ikl]l j: k1]2 :l: kljB . (2 5)
(£kuj, £ kijp £ k) - Q

The O(g*) term yields

1
Dvll . D”Ulg —+ §|D’U12|2 —+ Q . DU14 = Q4.

Integrate to get
1 2
aq4 = 5 ‘D1)12| dx + Dvll . Dv13 dx.
T2 T2

The first integral in the formula of a4 contains terms like I(j1,j2) + I(j3,74) +
I‘[(j17j27j37j4) with
LG P, PR, - K, 2] Ry, 2 R, 2

8 [k, - QIP[kgy - QIPN(Fkg, & kujy) - Q2

I(j1, j2)
and 1(js, js) is of the exact same form with (js,j4) in place of (j1,j2). Besides,

]I(j o, 33, ) _ 1/\?}1/\152/\153/\154 (kljl ’ kljz)(kljs : k1j4) ) ‘ + kljl + k1j2|2
DI kg, - Q) (R, - Q) (ks - Q)(kagy - Q) |(Ekay, £ kujy) - QP

provided that (jl,jg) 75 (jg,j4) and ikljl + kljz + kljg + k1j4 =0.
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It is more important noticing that the terms that are not vanished in the above
second integral of a4 are the ones that have +ki; £ ki, £ k1j, £ ki, = 0. Hence,
£k, * k1j, £ k1j, = Fkyj, and these terms look like

A AL AL AL (g gy ) [(Ek g, = gy ) - gy e, |2
(k1j, - Q)(K1j, - Q) (K1js - Q)[(Ekrj, £ kijy) - Qllkrg, - Q2

(2.6)
Of course, v14 satisfies
1 2
Q . DU14 = a4 — D’UH . DU13 — §|DU12| . (27)

By computing in an iterative way, we can get formulas of a; and vy; for all [ € N. It
turns out that this formal asymptotic expansion of " (@) holds true rigorously. For our
purpose here, we only need the first five terms in the expansion.

Proposition 2.1. Assume that H(p) = 3|p|* for all p € R™ and (A) holds. Let H; be the
effective Hamiltonian corresponding to the Hamiltonian H(p) + Vi(x). Let Q # 0 be a
vector in R™ such that @Q is not perpendicular to each nonzero vector of kij,, £k, £
k1j,, £k1j, £ kij, £k, and £k, £ ki, £k, £ Ry, for 1< 41,52, 93, Ja < m.
Fore >0, set FE(Q) =cH; (%) Then we have that, as € — 0,
H(Q) = %|Q|2 + eay + €2ay + 3as + etay + O(°).

Here the error term satisfies |O(e°)| < Ke® for some K depending only on Q, {\;}7,
and {k‘lj };n:l

Let us present the proof of this proposition here for the sake of completeness. A version
of this was presented in [14, Proof of Theorem 1.2 (Part 3)]. See also [12, Lemma 3.1].

Proof. Let v11,v12,v13, v14 be solutions to (2.2), (2.4), (2.5), (2.7), respectively. Let ¢ =
ev11 + €21 + 3v13 + 64’014, then ¢ satisfies

1 1
§|Q +Do* + V) = §|Q|2 +ear +€%ag + 3az +etag + O(°)  in T™.

Recall that w = /0§ is a solution to (2.1). By looking at the places where w — ¢ attains
its maximum and minimum and using the definition of viscosity solutions, we arrive at
the conclusion. O

We prepare some further definitions. Denote

Ay = {Fkyj, £k T ky - 1< 4,0 <mand kyj - ky # 0},
Ag = {£haj, thoj+ky + 1< 5,0 <m and ky; - kg # 0} .
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In other words, if k1;-ko; = 0 for some ¢,j € {1,...,m}, then we do not collect £k £ko;
in Al.

Definition 1 (Sole vectors). A vector akyj, + Skij,, where o, § € {—1,1} and 1 < jy, jo <
m, is called a sole vector from A; if it is in A; and is not equal to any other vectors
in A;.

A vector akaj, + fkaj,, where o, f € {—1,1} and 1 < ji, jo < m, is called a sole vector
from A, if it is in A5 and is not equal to any other vectors in As.

Remark 2. If aky;, + Bk1j, is a sole vector from A;, then

1 Ay P PR, - ks ek, + Bk, 2
4 kg, - QP kg, - QP [(akjy + Bhag,) - QF

is the Only term in [¢7} Containing m
J1 2

Definition 2. Let A; and As be two sets of vectors in R”. We write
Al < A2
if for any u € Ay \ {0}, there exists v € Ay \ {0} such that u || v.

Remark 3. If H; = H,, then Remark 2, together with Proposition 2.1, implies that

{Sole vectors from A;} < A
{Sole vectors from Ay} < A;.

Heuristically, this could lead to an over-determined linear system, which plays a key role
in proving our rigidity results.

3. Proof of Theorem 1.1

In this section, we always assume that the settings in Theorem 1.1 are in force. In
particular, we have n = 2 and m = 3. Without loss of generality, we assume further that
forl=1,2,

(H) ki1, ki, kis are aligned in the counter-clockwise order on the upper half plane
{z = (z1,22) : x2 > 0}.

See Fig. 3.1 below.
We proceed to prove Theorem 1.1 via the following lemmas.
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klgf T

k12

Fig. 3.1. The vectors {ki; }?:1

Lemma 3.1. Assume that the settings in Theorem 1.1 hold. Then a19 = asg and, for all
1<j<3,

k1; ko
)\1‘ = )\2‘ and J :—J.
| J| | J‘ |k1j‘ |k2j|

Proof. We use the asymptotic expansion of " (@) in Proposition 2.1 and compare the
coeflicients to get the conclusion. Firstly, by comparing a1, we imply a19 = agg immedi-
ately.

Secondly, we use the formula of as given in (2.3) to get

Z |)‘1J| ‘klj|2 Z |>‘2j| |k723‘ .
|k - Q2 |kaj - QI

Fix j € {1,2,3}. By letting Q@ — kf-j, we use (H) to conclude

klj kgj
M5 B and gyl = eyl O (3.1)
kil k2l ! !

Thanks to Lemma 3.1, for 1 < j < 3, there exists a; > 0 such that
klj = O[jkgj.

The following is a result in linear algebra (or plane geometry), which we believe is of
independent interest.

Lemma 3.2. For j = 1,2,3, let a;j > 0 be a given number. Let ui, uz and us be non-
parallel vectors on the upper half plane {x = (x1,x2) : T2 > 0}, which are aligned in the
counter-clockwise order. Set
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Uus .,
I
Uz

111 Uy

w7

Fig. 3.2. Vectors {uj}?zl and six regions I-VI.

S1 ={%w;, fu; £u; 1 1 <4,5 <3 and u; - u; # 0},
So ={%w;, toyu; £ajuy : 1<i<j<3andu;- uj #0}.

If

{Sole vectors from S1} < Sa,
{Sole vectors from Sa} < S1,

then ap = g = 3.
Proof. We may normalize oy = 1. For 1 <4,j < 3, denote
Aij = Uy X Uj = det[ui,uj].
Set @ = (a12, a13,a23) € R3.
We prove by contradiction by assuming that as and ag are not both 1. This is rather
a lengthy proof and we divide it into steps in order to keep track with the key points

easily. The directions {+u;}3_, divide R? into six regions named I-VT as in Fig. 3.2.

Part I: Non-orthogonal case. We first assume that uq, us, ug are mutually non-orthogonal.
Then it is easy to see that

{£(u1 + u2), £(uz + ug), £(uz —u1)} C {Sole vectors from S;}
and

{£(u1 + agusz), £(agus + asusz), £(asus —ui)} C {Sole vectors from So}.
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Step 1. Assume that ay = 1 but ag # 1. Then we have that

uz + us || u1 + azus or u; — us,
uz — up || up — ug or asuz — us,

and

{uz + agus || up + uz or uy — ug,

aguz — up || up — ug or uz — us.

Since ug + ug, uz —uy, us + aszuz and aguz —up are mutually non-parallel, there are only
two possibilities.
Case 1.1. None of these four vectors is parallel to u; — us. Then

Uz + ug || w1 + agus,
uz —uy || azuz — ug,
u + agug || ug + us,

asus — U || ug — us.
We use the fact that u x & = 0 provided w || @ to yield
a-wp,=0 forallk=1,2,3,4.
Here
wy = (—1,-1,a3), wy = (1,—as, 1), ws = (—1,—as,1), wy = (1,—1,a3).

Therefore, the dimension of V = span{w;,ws, w3, wy} is at most 2. Therefore
det|wq, wa, wy| = 0, which leads to ag = 1. This is a contradiction.

Case 1.2. One and only one of these four vectors is parallel to u; — ug. As the roles
of uz and agug are the same, we only need to consider two situations. Either

ug + usz || up — ug, ug + us || u1 + azus,
uz — uy || azuz — uz, or uz —uy || ur — ug,

ug + agug || v + us, ug + azug || vy + us,
agus —uy || uz — ug, azuz —u || ug — us.

Then we have either the dimension of span{w;,ws, w3, ws} is 2 or the dimension of
spanf{wy, e, w3, wy} is 2. Here @ = (—1,—1,1) and w9 = (1, —1,1). Both cases lead to
the same conclusion that g = 1. This is a contradiction.

Step 2. Either as # a3 = 1 or as = a3 # 1. This case can be transformed back to the
previous case by suitable rotations, reflections and normalizations.
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Step 3: Now we consider the case 1 # oy # a3z # 1. Then we must have that for
i,j €{1,2,3}

U; + Uj H’ Q;U; + oy,

U; — Uy H’ AUy — U,
Accordingly,

U1 + ug || U1 + asus or asuz — agus,
Ug + ug || U1 + asus or agus — uy, (3.2)

us — Uy | @auz — uy or asug — aus.

Since w1 + ug, us + ug and usz — u; are mutually linearly independent, we have only
two scenarios

ur + ug || w1 + azus, uy + us || agus — aus,
up +us || agug — uq, or ug + ug || w1 + azus, (3.3)
uz —uy || azuz — agus, ug — u || apug — ug.

Similarly, there are two other cases to be considered for u; + asus, asus + asus,
a3u3z — Uy

ur + aoug || ur + us, uy + apug || ug — ug,
Qoug + azus || ug — uq, or agug + azus || ur + us, (3.4)
a3Uus — Uy H Uus — ug, a3us — Uy || U2 — Uq.

In total, there are four cases to be studied.
Case 3.1. Assume that

ur + ug || w1 + azus, ur + agusg || ur + us,
ug +ug || agug —uy, and agug + azus || ug — u, (3.5)
uz —uy || azuz — aous, azug — Uy || uz — ug.

Considering cross product between parallel vectors, we get that
d UV = 0,
for (here we write @ = ag and § = a3)

v = (_laﬁvﬁ)a V2 = (1a 1,-0[), v3 = (Oé, _Bva)
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and

V4 = (—04,1705), U5 = (047,6,—5), Ve = (1a _1aﬁ)

Clearly, the dimension of span{v;, v, vs, v4, V5, v} is 2. By noting that ve + v3 = (1 +
a,1 —,0) and vs +vg = (o + 1,8 — 1,0), we imply vy + v3 and vs + vg are linearly
dependent. Otherwise, span{vy, v, vs, v4, v5,v6} C {x3 = 0}, which is impossible. Hence
we obtain that 1 — 8 = 8 — 1, that is, § = 1. This is a contradiction.

Case 3.2. We have that

uy + us || u1 + asus, u1 + agug || ug — us,
ug + us || aug — uq, and Qo + azug || ur + us,
Uus — Uy || a3UuU3 — U2, a3us — Uy H U2 — Uq.

Set

64 = (17713 70‘)3 ’[)5 = (70477ﬂ304)) 66 = (71753 7ﬂ)

Similarly, the rank of {vy, v, vs, U4, U5, 0} is 2. Note that va +v3 = (1+ «,1 — 3,0) and
vy + 05 = (1 — «,1 — 3,0). By the same argument as above, vy + v3 and vy + U5 are
linearly dependent, which leads to § = 1. We again arrive at a contradiction.

Case 3.3. We have that

uy + us || azug — agug, U1 + aoug || ug — us,
ug + ug || w1 + azus, and Qoug + azus || uy + us,
us — uq || QoUy — Uy, a3us — Uy H Ug — U7.

Set

’01 = (_aaﬁaﬁ)7 @2 = (_1a _1aﬁ); @3 = (—0471, —Oé)

Again, the rank of {01, ds, 03, 04, 05, D6} is 2. Note that 94 + 05 = (1 — a,—1 — 3,0) and
91 — 02 = (1 — a, B + 1,0). Similar to the above, 04 + U5 and 7 — 02 must be linearly
dependent, which leads to o = 1. This is again a contradiction.

Due to the symmetry, the remaining case is essentially the same as Case 3.2. We omit
the proof.

Part II: Orthogonal case. Without loss of generality, we assume the u; L uz. The other
two situations (u; L ug or us L us) can be converted into this case by suitable reflections
and rotations. For this case,

{£(u1 +u2), £(uz +u3)}
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and
{:I:(u1 + OéQUQ)7 :|:(Oé2’u,2 + 043U3)}

are still sole vectors of S; and Sy, respectively. Also, it is important to note that, by
definitions,

:|:’LL1 + us ¢ Sl and + U1 + a3us ¢ SQ.

We consider two cases.
Case I1.1. Assume that 1 = ay # 3. Then aju; +asus = ug +wus. By the assumption

ug +us || u1 — ug, (3.6)
U2 + 3Us H U] — UQ.
This leads to us + us || us + azus, which is absurd.
Case II. 2. Assume that oy # 1. By the assumption, we must that
uy + ug || azuz — azus,
azuz + aoug || ug — ug.
This is equivalent to
uy + ug || uz — a—§u2,
Ug — U || Uz + %UQ.
Then —raqs + a13 + ag3 = —rais — a3 + ag3 = 0 for r = g—z. This implies that a3 = 0,

i.e., uy || us, which is again absurd. The proof is complete. O

Combining Remark 3 and the above Lemma 3.2, we obtain that there exists ¢ € Q
such that for j = 1,2, 3,

kgj = Cklj. (37)

Without loss of generality, we set ¢ = 1. Note however that Lemma 3.1 only gives us
that [A1;] = |Agj| for 1 < j < 3, which is not yet enough to conclude Theorem 1.1. To
finish the proof, we need one more relation between {A1;}%_; and {Ag;}5_;.

Since Hy = Ho, we get that

max Vi = H1(0) = Hy(0) = max Va. (3.8)

We use this relation to get the final piece of information. Before doing so, we need some
preparations.
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Definition 3. Given r1,7r2,73 > 0 and oy, as € QQ, denote

M(t) = OI%axR{rl cos 0y + rycos s + r3cos(a1by + asbe + 1)} fort € R.
1,02€

Of course M (t) depends on the parameters r1,r2,73, a1, a2, but we do not write down
this dependence explicitly unless there is some confusion.

It is easy to see that maxg M = r; 4+ 79 4+ 73, and the maximum is attained when
t =2mm + 2mioq T + 2maoaam

for m,my, mo € Z. Note that the function = +— cosz does not have non-global local
maximum. We now show that this fact is also true for M (t).

Lemma 3.3. Every local maximum of M is a global mazimum.
Proof. Suppose that tj is a local maximum of M. Assume that
M (to) = r1cos01 9+ racosbag + 13 cos(arb1,0 + aba o + to),
for some 649,620 € R. Then we must have that
cos 1,0 = cosfa g = cos(a61,0 + aabao + to) = 1.

Otherwise, we can easily perturb 6 ¢, 62,0 and £y a bit to get a greater value of M near
to. O

Now set
I = min {|mm + miaqym + maam| : |mm + miagm + maaew| > 0, m,my,ms € Z} .
Clearly, I > 0 and, for all ¢t € R,
M(t) = M(2L+t) = M(—t) = M(2l — t). (3.9)

Proposition 3.4. The function M is strictly decreasing on [0,1], and is strictly increasing
on [l,21].

Proof. Thanks to Lemma 3.3 and the choice of I, M has no local maximum in (0, 21).
Besides, (3.9) gives that M (t) = M (20 —t) for all t € (0,2l), and thus, M cannot have

any local minimum in (0,). The proof is complete. O

The following is an immediate implication from Proposition 3.4 and (3.9).
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Corollary 3.5. Forti,t3 € R,
M(ty) = M(to)
if and only if t1 = to + 2kl or t1 = 2kl — to for some k € Z.
We are now ready to prove the main result.

Proof of Theorem 1.1. Thanks to (3.7) and the normalization that ¢ = 1, we have ki; =
koj for all 1 < j < 3. We now write k; = kq; = ko; for simplicity for all 1 < j < 3. Then

3
Vl (ZL’) =a; + Z (Aljei%rkj-a: + A_ljefi%rkja:) )
j=1

Since k1, k2, ks are mutually non-parallel, by translation (i.e., x — x + xg for suitable
Zg), we may assume that

2

E i27k ;- —i27k;- 3 i2mks- 3 —i2mks-

‘/2(1,):&1_|_ ()\ljezwjx"‘)\lje 7,7r_793)_|_)\23e7,7r3:v_|_A23€ Z7T3:l).
Jj=1

Denote Ay; = rjei‘”i for 1 < j <3 and 5\23 = 13e'3 where r; > 0 and w;,03 € [0, 27)
for 1 < j < 3. Then

Vi(z) = a1 + 71 cos(2mky - & 4+ w1 ) + ro cos(2mks - & + wa) + 3 cos(2mks - T + ws3)
and
Va(x) = ag + r1cos(2mky - & + wi) + 19 cos(2mksy - & + we) + 13 cos(2mwks - © + ©3).

Again by translations, we may further assume that wy = wy = 0. We write k3 = a1k +
asko for some aq,as € Q. Then it is clear from the definition of M(-) that

max Vi=a; + M(ws) and II%T%XVQ =ay + M(&3).
In light of (3.8), we get M (w3) = M(&3). Assume that
I =mm+ miam + moasm,

for some m, my, mo € Z. Accordingly, by Corollary 3.5, we have two cases.
Case 1. w3 = w3 + 2kl for some k € Z. Choose x( such that

]{)1 Xy = k‘ml,
kg s Xo = k‘mg.
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Then ks - ©g = kaymq + kasms and
Vi(z) = Va(z +20) for all x € T2

Case 2. w3 = 2kl — @3 for some k € Z. Choose xg such that

{kh - xo = kmy,

kg - To = k/‘mg.
Then k3 - g = kaymi + kasmso and
Vi(z) = Va(—x —x¢) forallz € T2. O

Remark 4. It is natural to try using more the coefficients {a;};ecn in the asymptotic
expansion of H' instead of (3.8) to prove the last step above. It is, however, quite hard
to implement this idea. Let us still mention it here.

Choose (my,ma, m3) € N3 such that the ged(mq, ma, m3) = 1 and

ka‘Q = m1k1 —+ m3k3.

Let L = mq 4+ mo + m3. It is easy to see that ay, is the first coefficient that provides us
information about {\1;}2_, {A2;}3_, further than Lemma 3.1. For r; = [A1;] = [Ag;] for
1 <5 <3, we have

ap = P(rj, k;, Q: 1< 5 <3)+ J(ki, ks, ks, Q)Re (Aﬁl (h2)™ x;gf») .

Here P is a real valued function depending only on {r;, k;, @: 1 <j <3} and J a
real valued function depending only on {k1, k2, k3, @}. It will be done if we can manage
to show that J(k1, ks, k3, Q) is not zero for some @ € R%. However, it is not clear to us
how to verify this since the expression of J is too complicated.

4. Proofs of Theorems 1.2 and 1.3

We first provide the proof of Theorem 1.2.

Proof of Theorem 1.2. We consider each case separately.

(1) The sufficiency part follows immediately from Lemma 3.1. Let us prove the con-
verse. Since {kj; }?:1 is linearly independent, by suitable translations (z — = + zq;), we
may assume that

3
Vi(z) = Z rjcos(2mky; - x)

Jj=1
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and for ¢; > 0,

3
Va(z) = er cos(c;2mkq; - o).

j=1

Then the conclusion follows from Lemma 4.1 and changing of variables.

(2) Let us first prove the sufficiency part. Clearly, k15 + k13 and koo + kos are sole
vectors. Since {k:lj}?:l is linearly independent, due to Lemma 3.1 and Remark 3, we
must have

k1o + kg || koo + kos.

Hence there exists ¢ € Q such that koo = ckio and ko3 = ckys.
We now prove the converse. By suitable translations, we may assume that

Vi(x) =1 cos(2mkyy - @) + ro cos(2mky - @) 4 r3 cos(2mkys - x)
and for ¢; > 0,
Va(x) = 7y cos(c12mkyy - @) + ro cos(c2mkys - ) + 73 cos(c2mkys - x).

We then use Lemma 4.1 and changing of variables to get the conclusion.

(3) The necessity part is obvious. Let us prove the sufficiency. Due to Lemma 3.1,
there are two cases.

Case 1. {ky; }?:1 is linearly independent. Due to symmetry, we may assume that kqq
is not perpendicular to k12 and k13. Then similar to (2), we have that

kii + ko || kor + Koz and  kiy + kig || k21 + Fas.

Hence there exists ¢ € Q such that for j = 1,2, 3,

kgj = Ck’lj.

Since {k1; }33:1 is linearly independent, it is easy to see that we can find xo € R"™ such
that

Vi(z) =Va (% + x0> for all z € T".

Case 2. {klj}?:l is linearly dependent. The situation is essentially reduced to the
2-dimensional case and the conclusion follows from Theorem 1.1. O

Next, let us prove Theorem 1.3.
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Proof of Theorem 1.3. We consider each situation separately.

(1) follows immediately from Lemma 3.1.

(2) The proof of part (i) is similar to (1) of Theorem 1.2, and is omitted. Let us now
consider part (ii). Since k11 and kjo are linearly independent and non-orthogonal, due
to Lemma 3.1 and Remark 3, we get that

ki1 + kiz || k21 + kao.
So there exists ¢ € Q \ {0} such that, for j = 1,2.
koj = ckyj.
Accordingly, it is easy to see that we can find x( such that
Vi(z) =Va (% + xo) forallz € T". O

The following is a simple lemma which should be well known to experts. We leave its
proof as an exercise to the interested readers.

Lemma 4.1. Let n,ny,ny € N be such that n = ny + no. For x € R™, we write
x = (z1,29,...,2,) = (2/,2") € R™ x R", where ' = (21,2a,...,2,,) and " =
(Tnyt1s ey ). Similarly, for p € R, we write p = (p/,p") € R™ x R"2,

Let W; € C(T™) be a given potential energy and ¢; € R\ {0} be a given constant
for j =1,2. Assume that H1(p'), H2(p"), H(p) are the effective Hamiltonians associated
with the Hamiltonians §|p'|*> + Wi(a'), $[p"[* + Wa(2"), 3|p|* + Wi(c1a') + Wa(caz”),
respectively. Then

H(p) = H(p) + Ha(p") forallp=(p/,p") € R™ x R"™.
In particular, H is independent of ¢1 and cs.
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